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Objectives of the thesis

@ Study nonlinear wave phenomena across ultracold atomic gases
and nonlinear optics, developing common techniques.

@ Develop mathematical frameworks generalizing the Gross—Pitaevskii
equation and Nonlinear Schrodinger equations (NLSE).

@ Investigate the role of dimensionality, non-universal corrections from
microscopic physics, and quantum fluctuations.

Presentation outline

o Part 1: background and motivation: Fundamental formalism,
low-energy scattering theory, aspects of solitary waves for classical
fields.

@ Part 2: results and developments: Dimensional reduction
techniques, soliton stability, and beyond-mean-field effects.
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Part 1

Background and motivation



Functional integrals for Bosonic atoms: mean

field and fluctuations

The common starting point is the grand-canonical partition

function
B = /D[w’w*] e—SE[lb,w*]/h7

with Euclidean action

Sp = /de?’rw* [53 = h—2v2 — i+ Vieap | % + L]0

or  2m P 2 ’
Here v (r, 7) is the Bose field, 7 is imaginary time, m is the
atomic mass, p is the chemical potential, Virap(r) is the
external potential, and g is the effective two-body
interaction coefficient.
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Two approaches organize the whole thesis:

@ the saddle point Sg/dy™ = 0, which
yields the Gross—Pitaevskii description:

hQ
o = {_%V2 + Virap + g|'¢0|2:| o

@ the Gaussian expansion v = ¥ + 7,
which, in the uniform case (Virap = 0)
yields the Bogoliubov spectrum:

h2q2 h2q2
Eq = 2
4 \/Qm < 2m * gno)
Here 1) is the condensate field, g is the

excitation wave vector, and ng is the
condensate density, and g > 0.
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[L. Salasnich et al., Phys. Rep. 640, 1 (2016)]



Scattering theory: low-energy input of the field

theory

[H. A. Bethe, Phys. Rev. 76, 38-50 (1949)]
[E. Braaten et al., Ann. Phys. 323, 1770-1815 (2008)]

The many-body theory is fixed by a few low-energy
two-body observables. For the s-wave channel one
writes the scattering amplitude

1

folk) = k cot 8o (k) — ik

and it is possible to expand for low momentum
1 1
kcotdo(k) = - + areﬁka dhooo

where k is the relative wave number, do(k) is the
s-wave phase shift, a; is the scattering length, and
rofr is the effective range. The same information is
encoded in a low-momentum interaction

V(k) > g+ gk + -,

with g the universal contact coupling,
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. 4dmh?

g s

This reduction is meaningful given:

@ only the s-wave channel is important in the
dilute low energy limit (bosonic) case;

@ the wavelength is long compared with the
interaction range, so microscopic details enter
only through a few scattering parameters;

@ a controls the universal limit, while 7eg

measures the first nonuniversal correction.

The idea is to solve the two-body problem, extract
as, Teff, ..., and use them as the controlled input of
the effective many-body description.
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Universal versus nonuniversal behaviour, s G by s (s £ G (RS (]

[E. Braaten et al., Phys. Rev. A 63, 063609 (2001)]

Monte Carlo numerical results

The universal approximation works remarkably well ap = —1.2ay
in dilute gases, but Diffusion Monte Carlo — Bypouny/N with flay/ad, = 1)
calculations show that once the density increases, Re(Earr 1ty /)

the equation of state departs from a description SW 1 = 0.626a,;

based on a; alone. SW re = 3.7dan
SW reg = 37.3a11

NG R N |

40O <0 @

10°E/N (in units A2/(2ma3,))

In the figure, different microscopic models with the 3 106 7 = 06260,
same scattering length but different effective range 2 10-6 rog = 3.74ay,
give different energies! 1 10-6 o = 37.3a
This is the first motivation: 0
-1
@ determine effective couplings beyond the 0 1 5 3 4 5 6 7 & 9

universal term; 10%pas,
@ understand when r.¢ becomes observable;

@ model not only the 3D scattering, but also

scattering in lower dimensions
Figure adapted from V. Cikojevi¢ et al., Phys. Rev. A 99 (2019).
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Ultracold regime: the three-dimensional [E. P. Gross, Nuovo Cim. 20, 454-477 (1961)]

[L. P. Pitaevskii, Sov. Phys. JETP 13, 451-454 (1961)]

Gross—Pitaevskii equation

At T = 0 and for dilute bosons, the many-body dynamics is reduced to the three-dimensional Gross—Pitaevskii
equation,

il = - w2 4 Vo) + o] @
a? = |"om wap(r) +9 :

Repulsive interactions correspond to g > 0, while attractive interactions correspond to g < 0.

Here v(r,t) is the condensate wavefunction, ¢ is the real time.

In the situations of interest the confinement Vi;ap is typically anisotropic, composed by a strong transverse
harmonic guide V (z,y) plus an axial potential chosen for the problem at hand.

@ harmonic axial confinement, V| (2) = imw?z%;

@ narrow barriers and double-well Josephson traps, V|(z) = Voe =/ @),
o optical lattices, V||(z) = Vo sin®(kL2).

This is the natural starting point for discussing dimensional crossover: the central question is when the 3D-GPE
can be simplified while retaining the relevant transverse physics.
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Nonlinear optics: Kerr response

[F. Poletti et al., J. Opt. Soc. Am. B 25, 1645-1654 (2008)]
[C. R. Menyuk, J.Eng. Math. 36, 113-136 (1999)]

The optical counterpart starts from manipulating
Maxwell equations in matter:

1 O*E o°P

“Eor M

where E(r, t) is the electric field, P(r,t) is the
polarization field, ¢ is the vacuum speed of light, and
1o is the vacuum permeability.

VXx(VXE)=

In Kerr media one writes

P=P.+Pns, Punixx?EFE,
where P, is the linear polarization, Py, is the
nonlinear polarization, and x(® is the third-order
susceptibility.

The structure is the same as in ultracold gases:
microscopic interactions are summarized into a
coefficient controlling an effective nonlinear wave
equation.
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The Kerr reduction is relevant in the weakly
nonlinear, nearly monochromatic regime:

@ the response is local and effectively
instantaneous;

@ the cubic term is the leading correction to the
linear dielectric response;

@ a scalar envelope is adequate when polarization
coupling and multimode effects stay weak.

Setting effective external potentials is almost as
flexible in the case of matter-waves.
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Dimensional reduction for matter waves

[L. Salasnich et al., Phys. Rev. A 65, 043614 (2002)]
[A. Tononi et al., Nat. Rev. Phys. 5, 398-406 (2023
[A. Shabat et al., Sov. Phys. JETP 34, 62 (1972

For a strongly confined transverse state (quasi-1D)
one writes

B 1 22+ ¢
Y(r,t) = f(z,1) o eXP<—W ;
where f(z,t) is the axial field and

h
mw |

a| =

is the transverse oscillator length.

Integrating the transverse variables from the 3D-GPE
leads to

h? o2
T 2m 922

iﬁ%f = [ +91D|f|2] s

where g1p = g/(2ma? ) is the effective
one-dimensional coupling.
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This is one of the simplest reduced models. The
thesis asks when it is reliable and how to improve it
once the transverse width becomes dynamical.
Remarkably, it supports solitons when g1p < 0, but it
becomes unreliable in some cases.

For stationary states one sets

f(z,8) = g(2)e” ",

and for g1p < 0 the reduced equation admits the
bright-soliton profile

_ 2 \/2m|ulz
o(z) = 10| S ch( > ) ,

where ;i < 0 is the chemical potential, and p c —2.
This can be understood as a result of balancing
kinetic term and attractive interaction.
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Solitary waves in the reduced description

[L. Khaykovich et al., Science 296, 1290-1293 (2002)]
[K. E. Strecker et al., Nature 417, 150-153 (2002)]

For g1p < 0, the one-dimensional equation
admits bright-soliton solutions. The balance is
simple and fundamental:

@ kinetic dispersion tends to broaden the wave
packet;

@ attractive interactions tend to compress it;

@ at equilibrium the axial profile becomes
localized.

This is the natural entry point to the soliton part
of the thesis, but it is only the first
approximation. In the real quasi-one-dimensional
geometry, the transverse degree of freedom can
return and change both stability and dynamics.

If(2)?

-1
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[G. P. Agrawal, Academic Press (2019)]

Dimensional reduction for a optical waveguide [G. P. Agrawal, Academic Press (2013)]

[P. Horak et al., Recent Progress in Optical Fiber Research (2012

A similar simple reduction is available for optics,
assuming single-mode propagation in a waveguide

The physical regime is sharply encoded in the

0A a, B2 0A
- - coefficients. Importantly:

+ iy|APPA.

2z 20 "2 a1

@ (B2 < 0 gives anomalous dispersion, where bright

Here A(z,T) is the optical envelope, z is the g ;
temporal solitons are possible;

propagation coordinate, T' =t — z /vy is the retarded

time, « is the attenuation coefficient, (32 is the @ (32 > 0 gives normal dispersion, where the same
group-velocity-dispersion parameter, v is the Kerr cubic term does not support the same localized
nonlinearity coefficient, and v, is the group velocity. balance;

This equation is the optical analogue of the 1D-GPE: @ When the loss/gain term « is negligible, the

equation can be determined from a variational

@ chromatic dispersion can balance Kerr L on :
principle in a direct way.

nonlinearity eventually (y > 0);

@ localized pulses and solitons may emerge;
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Why dimensional reduction? [Y. Kagan et al., Phys. Rev. Lett. 81, 933 (1998)]

[L. Salasnich et al., Phys. Rev. A 65, 043614 (2002
[FL et al., Sci. Rep. 14, 4665 (2024

Geometry, attraction, and collapse

In elongated traps one would like to replace the 3D «10°
equation with a one-dimensional model. This is 18 ' ! §
justified only if the transverse mode remains fixed. 1_6%, ]
. L . . X Ko : :
The attractive regime is precisely where this 14 A% : ' |
simplification becomes delicate: 2{ ' :
@ bright solitons require as < 0; é1 ol ‘%,-;( ]
S K%
@ stationary solutions (solitons) may be z 1 e 1

unstable; 08k
@ the instability, when considered dynamically, : ;
make the wave localize more and more, until 08
effect appearing at higher densities start to 0.4 . i H
: 0 5 10 15 20
dominate. time (ms)

Dimensional reduction is a step that must be
tested.

Figure adapted from [Y. Kagan et al., Phys. Rev. Lett. 81, 933 (1998)].
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[C. Sulem et al., Springer (2007)]

Stability properties of the NLSE solutions [A. L. Gaets, Phys, Rev. Lett. 84, 3562 (2000)

[P. Parra-Rivas et al., Opt. Commun. 546, 129749 (2023

In general dimension D, the nonlinear Schrédinger
equation is (a)

.0 -
i+ VU YTy =0,
where 1) is the envelope field, o is the power of the lul

nonlinearity, and V? is the D-dimensional
Laplacian.

Its collapse threshold is fixed by

2
1D = =
g
For the cubic case o = 1, the critical dimension is r

D. = 2: one-dimensional cubic solitons are stable,
while in two and three dimensions self-focusing can
drive blow-up.

Figure adapted from [L. Bergé, Phys. Rep. 303, 250-370 (1998)].

Nonlinear physics of ultracold quantum gases and optical fields in 25 March



[H. Fu et al., Phys. Rev. A 67, 053612 (2003)]

Effective ra nge corrections and solitons [F. Sgarlata et al., J. Phys. B: At. Mol. Opt. Phys. 48, 115301 (

[FL et al., Ann. Phys., e00227 (2025)]

If the effective range is retained, the mean-field :

.. o 1.0
dynamics is modified to - 0.1
fo= - 0.067
9 g 2, 92 2,2 08y ik
ih*d} =|-=V +Vtrap+g"‘/}‘ +=V |"/’| w ifi fe=12.92
ot 2m 2 06l ili
Ohs 1 Ep— - ry=-355
Here g is the contact coupling and g2 is the R 04l
coupling associated with the effective range. ’
The consequences already appear at mean-field 021
(GPE) level, within a 1D reduction, for example
soliton profiles change. 0.0
-30 -20 20 30

Figure adapted from [F. Sgarlata et al., J. Phys. B: At. Mol. Opt. Phys. 48, 115301 (2015)].
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Applications Of SOlitary waves: [J. L. Helm et al., Phys. Rev. A 89, 033610 (2014)]

[J. L. Helm et al., Phys. Rev. Lett. 114, 134101 (2015
[FL et al., Sci. Rep. 14, 4665 (2024

matter-wave interferometry

Bright solitons are interesting for interferometry NL N 7()()
because they remain localized over long \
propagation distances and can be split and

> 500

\ ¢ / @400
The output populations N, and Ngr and the g 300

relative phase ¢ are then sensitive to external 200

perturbations on one interferometer arm. 100 .
This application is also a source of non-ideal \u_/ 0f

recombined by narrow barriers.

Time —»

Ti

effects: -
o 750 75
@ transverse excitation during splitting; Position—» Position (ym)
@ barrier-induced dynamical collapse in the Figure adapted from [O. J. Wales et al., Commun Phys 3, 1-9 (2020)].

attractive regime;
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Applications of solitary waves:
Optical fiber IOO s [F. Copie et al., Phys. Rev. Research 7, 043232 (2025)]

[P. Parra-Rivas et al., Opt. Commun. 546, 129749 (2023)]

(a) 0 Power (mW) 80

towards detection

_L,_L,J_ 6000

signal injection

4
o ) 5km C ’é‘
A\ 4 T~ Backward 2
Synchronous arbitrary 7 Raman amplification =
phase modulation =
[=3
(=}
pay
® No potential © Parabolic potential 8
o]
Za Z 4 -
]
N N NP7 a
H(T.Z) | ezz) s
T 1000 ‘A
s | 2000
£ € 0
< 3
8 500 8 <40
< £ 1000 = -
£ 2 E =
a [a) =
‘ 5 20 z
0 0 =
* Jo * time (ns) g o
Time (ns) ime (ns)
— - 0 Tt i
h Power (mW) 50 Time (ns) Time (ns)

Figures adapted from [F. Copie et al., Phys. Rev. Research 7, 043232 (2025)].
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Atomic Josephson junctions:

self-trapping

The GPE dynamics in a double well can be reduced
into two-modes in terms of the population imbalance
z = (N — Ngr)/N and relative phase ¢:

dz J /. dp UN J zcoso¢
_ = —— — 2 -t = [ A
dt h 1=#*sin¢, dt n - hy1—22

Here J is the tunneling energy, U is the onsite
interaction coefficient, and N is the total atom
number.

These equations predict two regimes:
@ Josephson oscillations around z = 0;
@ macroscopic quantum self-trapping, where the

time average of z stays nonzero.

How are quantum fluctuations changing the dynamical
properties of the junction?

Nonlinear physics of ultracold quantum gases and optical fields in media

oscillations and

relative phase ¢ [x]

population imbalance 7

[B. D. Josephson, Physics Lett. 1, 251 (1962)]

[A. Smerzi et al., Phys. Rev. Lett. 79, 4950-4953 (1997
[S. Raghavan et al., Phys. Rev. A 59, 620-633 (1999
[M. Albiez et al., Phys. Rev. Lett. 95, 010402 (2005

Y Seit- trapping
1
_SWW

0

EXJosephson oscillations

/=

o

S
3

population imbalance z

5 10 15 25 30
0 8 T 10 T 147 18
I :_/f
M?
1
853
T

S

relative phase ¢ [x]

1..L%%
e 7
! 10 20 30 40 50 ! 5 10 15 20

evolution time [ms] evolution time [ms]

From [M. Albiez et al., Phys. Rev. Lett. 95, 010402 (2005)] and

[S. Raghavan et al., Phys. Rev. A 59, 620-633 (1999)].
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[B. D. Josephson, Physics Lett. 1, 251 (1962)]

Atomlc Josephson JunCtlonS: OSCI"atlons a nd [A. Smerzi et al., Phys. Rev. Lett. 79, 4950-4953 %1997§]

. [S. Raghavan et al., Phys. Rev. A 59, 620-633 (1999
self-tra ppIng [M. Albiez et al., Phys. Rev. Lett. 95, 010402 (2005
The GPE dynamics in a double well can be reduced #0010 HOmmA2s
<oros o)

into two-modes in terms of the population imbalance
z = (N — Ng)/N and relative phase ¢:

dz J . dp  UN J zcos¢p
= 21— 22 _ = — —————
A e A W
Here J is the tunneling energy, U is the onsite
interaction coefficient, and N is the total atom
number. o

fz01=0.7

W)

20

These equations predict two regimes:

@ Josephson oscillations around z = 0;

@ macroscopic quantum self-trapping, where the
time average of z stays nonzero.

-2.0

How are quantum fluctuations changing the dynamical
properties of the junction?

From [M. Albiez et al., Phys. Rev. Lett. 95, 010402 (2005)] and

[S. Raghavan et al., Phys. Rev. A 59, 620-633 (1999)].
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Part 2

Results and developments



T-matrix formalism:  Lippmann—Schwinger [J- R. Taylor, Courier Corporation (2012)]

[R. G. Newton, Springer (2013

equation [FL et al., Phys. Rev. A 107, 033325 §2023;]

The two-body problem can be cast in the Lippmann—Schwinger
equation x’z X’ ' W’

d°q V(K',q)T(q,k; E)
A _ / ) ) By
T(k’k’E)_V(k’k)+/(27r)D E —h?¢?/m +ie

Here T is the transition matrix, V' the interaction potential
operator, E = h?k?/m the relative energy, and D the spatial
dimension.

In three dimensions one expands in Legendre polynomials,

o

T(K',k; E) =Y (20 + 1) Tu(k) Pe(cosb),
=0

where Py is the Legendre polynomial of order £ and 6 is the
scattering angle (can be generalized in D dimensions!).

We focus on the s-wave channel £ = 0, because it fixes the
low-energy couplings of the bosonic field theory.
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T-matrix formalism: on-shell reduction in 1D [H. A. Bethe, Phys. Rev. 76, 38-50 (1949)]

[FL et al., Phys. Rev. A 107, 033325 §2023§]

and 3D [FL et al., Ann. Phys., 00227 (2025

For the s-wave component one writes

dq qul

k,q)To(q, k).
21)P h2k2/m—h2q2/m+ievo( :q) To(q, k)

To(k) = Vo(k) + Sp /OO (

Here Sp is the solid angle in D dimensions, while V, and To are the s-wave interaction kernel and s-wave T'
matrix.

The on-shell approximation replaces the matrices in the integral by
Vo(k,q) = Vo(k),  To(g, k) = To(k),

so that

(1 - _ m, ...p2(1—-D/2)
To(k) = (W - CD(k)> , Op(k) = —15(-ik) ~@n)p2
Matching with the phase shift o (k) gives
212 47h? tan do(k
Voun(k) = —==ktando(k),  Voan(k) = ;rn “TO()
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[C. Mora et al., Phys. Rev. A 67, 053615 (2003)]

T-matrix formalism: the 2D case [FL et al., Ann. Phys., e00227 (2025)]

Two dimensions are special because the loop integral is logarithmic:

YE/2
OQD(kJ)Zl?ln(Ee )_im

27h 2 A 4h2’
Here g is the Euler—Mascheroni constant and A is the ultraviolet momentum scale introduced by regularization.
The on-shell interaction then becomes
40’ 1

m 2 keVE/?
cotéo(k)f;ln(§ " )

Vo,2p (k) =

This logarithm is why the low-energy expansion in two dimensions differs qualitatively from both one and three
dimensions: the scattering scale enters through a renormalized logarithm rather than a simple power series in k.
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On-shell

limitations

approximation:

The approximation is reliable when the product of the
potential and T-matrix elements in the integral of the
Lippman-Schwinger equation vary smoothly.

In practice this means:

@ energy well separated from s-wave bound states
energies, which would make the kernel rapidly
varying due to divergence of the scattering
lengh;

@ weak potentials, where the s-wave phase shift
still captures the relevant low-energy
information.

Nonlinear physics of ultracold quantum gases and optical fields in media

validity

and

[FL et al., Phys. Rev. A 107, 033325 (2023)]
[FL et al., Ann. Phys., e00227 (2025
[S. R. Beane, Eur. Phys. J. D 72, 55 (2018

Exact solutions of the scattering problem are available
in all dimensions for simple enough potentials like

V(r) =M (R -r),

and

<
vi)={7 r< R,
0, r>R,

In those cases, it is verified that the on-shell
approximation provides a phase shift matching with
the exact one to leading order in the low ~ limit. So
the method is a compact, dimension-aware map from
the expansion of do(k) to effective couplings.
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2D Bose gas equation of state

[C. Mora et al., Phys. Rev. A 67, 053615 (2003)]

[S. R. Beane, Eur. Phys. J. D 72, 55 (2018
[FL et al., Ann. Phys., €00227 (2025

The two-body analysis feeds directly into the many-body
equation of state. For the local effective Lagrangian density

v [+ o] o= Dt + Liwporiu,

the one-loop pressure in two dimensions is then

_ m 2 4h2 3m2 2 3
Plw) = grhz! ln(muage%EJrl/?) + TeRa el -

The first term is universal, while the second isolates the
leading finite-range correction.
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Solitary waves beyond 1D GPE: NPSE and [L. Salasnich et al., Phys. Rev. A 65, 043614 (2002)]
[L. Salasnich et al., Phys. Rev. A 76, 063614 gggzg]

N PS E+ [FL et al., Sci. Rep. 14, 4665

Using
o= (@ +y%)/(20%)

VT o ’

and allowing the transverse width to depend on z and ¢, o(z,t) gives the following Euler-Lagrange equations
for the two dynamical variables

w(rat) = f(zvt)

2 2 2 2 _
I h mwla2+2h as(N —1)

ihOLf = Z+V+ (1+ (9.0)%) + —|f1*|

" om 2mo? 2 mo

o —al [1+2as(N = 1)|f|*] +al[0030 — (8:0)> + 08.00.In|f|?] = 0.

Neglecting derivative terms recovers the Non Polynomial Schro6dinger equation (NPSE) closure

o® =al\/1+2as(N —1)|f]2.

This is the key distinction: NPSE retains the local transverse response, while NPSE+ also keeps the longitudinal
derivatives of the transverse width.
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Solitary waves beyond 1D GPE: NPSE and [L. Salasnich et al., Phys. Rev. A 65, 043614 (2002)]

[L. Salasnich et [aIA. Phys. Rev. A 76, 063614 §2007§]

N PS E+ near colla pse FL et al., Sci. Rep. 14, 4665 (2024

1.0

0.9

b 0.8
0.7
0.6 L L n )
4 —10 -5 0 5 10
T z
Axial density profile Transverse width

Near the static-collapse threshold, NPSE+ tracks both the axial profile and the transverse squeezing more
accurately than the plain 1D cubic model.
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Barrier scattering

A stringent dynamical test is the collision against
a narrow Gaussian barrier

2w?

2
V(z;b)=b exp<— c ) ,
The observable is the transmitted fraction
7= [5G ton) P d,
0

where b is the barrier height and ¢4, is the final
time.

This problem, as a dynamical problem, is more
demanding than the stationary one, and also
particularly relevant for applications.

[B. Gertjerenken et al., Phys. Rev. A 86, 033608 (2012)]

[J. L. Helm et al., Phys. Rev. A 89, 033610
[FL et al., Sci. Rep. 14, 4665

{
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[FL et al., Sci. Rep. 14, 4665 (2024)]

Barrier scattering: transmission discontinuities [J. L. Helm et al., Phys. Rev. A 89, 033610 (2014)]

The reduced-model transmission diagram becomes 1.00
discontinuous at low velocity and barrier height.

The reason is energetic:

0.8
0.75
FEx >EG(Z\/Y—TL)-I-EG(TL)—EG(]V)7 0.6
where E}, is the incoming kinetic energy and E¢(n) = 0.50 &~
is the ground-state energy of a fragment with n 0.4
atoms.
Not every split is allowed. Also, using higher order 025 0.2

models (3D-GPE), a dynamical collapse region is

found. 0.00
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[FL et al., Sci. Rep. 14, 4665 (2024)]

Barrier scattering: transmission discontinuities [J. L. Helm et al., Phys. Rev. A 89, 033610 (2014)]

The reduced-model transmission diagram becomes 1.00
discontinuous at low velocity and barrier height.

The reason is energetic:

0.8
0.75
FEx >EG(Z\/Y—TL)-I-EG(TL)—EG(]V)7 0.6
where E}, is the incoming kinetic energy and E¢(n) = 0.50 &~
is the ground-state energy of a fragment with n 0.4
atoms.
Not every split is allowed. Also, using higher order 025 0.2

models (3D-GPE), a dynamical collapse region is

found. 0.00
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Barrier scattering: transmission discontinuities - L el ok 1o Poas. Fov. A 60, 033610 2014}

The reduced-model transmission diagram becomes

o q . . . 1.00
discontinuous at low velocity and barrier height.

The reason is energetic:

0.8

Ey, >EG(N*TZ)+EG(TI)*EG(N), 0.75
where E, is the incoming kinetic energy and Eg(n) 0.6
is the ground-state energy of a fragment with n

= 2/ 2 ~ 0.50 &~
atoms.
Not every split is allowed. Also, using higher order 0.4
models (3D-GPE), a dynamical collapse region is
found. 0.25 0.2

0.00
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Barrier scattering: using reduced models

[FL et al., Sci. Rep. 14, 4665 (2024)]
. L. Helm et al., ys. Rev. 3
J. L. Hel I., Phys. Rev. A 89, 033610 (2014
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The simplest way to stationary properties: (L. Salasnich et al., Phys. Rev. A 65, 043614 (2002)]

[Y. Kagan et aI Phys. Rev. Lett. 81, 933 (1998
[FL et al., Sci. Rep. 14, 4665 (2024

Gaussian ansatz

For attractive bosons in a cigar-shaped trap, a simple variational ansatz is

1 2442 2
P(r) = Wexp[—ﬁ R

Here o is the transverse Gaussian width and 7 is the axial width.

The corresponding reduced energy reads

1 1 g 1
E(n, o)== 7+7+ —
(n,0) 2(2n ) 2V/2x 021

where g = 2(N — 1)as /a1 is the dimensionless interaction strength and a. = //i/(mw.) is the transverse
oscillator length.

This baseline already captures the main quasi-one-dimensional mechanism: axial self-focusing squeezes the
transverse cloud, so the collapse threshold is an intrinsically three-dimensional effect.
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Periodic pOtentia|S: Gaussian variational [R. Cruickshank et al., Phys. Rev. Lett. 135, 263404 (2025)]

[FL et al., Sci. Rep. 14, 4665 (2024)]

picture

In an optical lattice, the Gaussian energy becomes

1/ 1 1 g 1 k22 ~12 5

F==-—+4+ — =& = W A 3 S

2 (2172 * o? te ) * 2v/2m 021 0¢ S14 z

o Q

g 3

Here V} is the lattice depth and kr = 7/dy is the lattice g 3

wave number of the lattice potential V' = Vj cos(2kr z). 09 5
Recoil energy scale is E,. = (fir/dr)*/(2m). ' Axial length 1 (um) 10

10

The lattice term generates new local minima corresponding
to localized wave packets spread over one or several sites.
The phase diagram organizes the main regimes:

®

[2)

@ stable single-site or multi-site localization when a local
minimum is protected by an energy barrier;

I

Lattice depth V, (E)
N

Lattice spacing d, (pm)

. . - . . Ms
@ combined presence of potential minima associated with 0 : 0
-1.6 -1.2 -0.8 -0.4 16 -1.2 -0.8 -0.4

single and multi-site solutions. Interaction strength g Interaction strength g

@ collapse when the transverse confinement can no longer
balance the axial focusing.
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[R. Cruickshank et al., Phys. Rev. Lett. 135, 263404 (2025)]

Experi mental setup (@ Strathclyde U niversity) [R. Cruickshank et al., Optics Express 34, 623-637 (2026)]

(a) (b) i H S 60 T T T T T T T —/f— T
Piezo/Mirror < 0 ® 0§
= £ wf Ns s
S i 2 2
- . o 20F 110 5
mag Optical PBS : > 0 D é

i -1 = 5
T —— lattice 6L & d 5 of .
o .. = T \ ' 10 £
( - & 20 L L L L h 1 1 P i
l Atoms Y{g__|- T T T T T T T —i— 03 =~
[ i 150 F A e %
F L1 | ; Trap & lattice Quench Hold time Magnification =
grav L2 CD _g 100 b preparation =402 %
z y Coils 6o % o -owg
I 8 g o
14>x Dipole trap D2 AOD '%:' £ g
- o ) ; Y " " " ! —_ 005

0 50 100 150 200 250 300 350 = 550 600

Time t (ms)

The experiment uses an 33Cs condensate in a trap with accordion optical lattice. The key control knobs are the
interaction (Feshbach resonance tuning) and the optical lattice depth and period.
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[R. Cruickshank et al., Phys. Rev. Lett. 135, 263404 (2025)]

Theory vs. experiment: collapsing dynamics

Strong attraction drives the condensate to a

@) 24
2 high localization where three-body losses
B 23 dominate.
£ 22 . .
£ ¢+ + ++ @ each dynamical collapse event is
s 21 b accompanied by atom loss, which
20 prevents immediate irreversible blow-up;
20 -5 -0 5 0 15 -10

a, (ap) @ the overall sequence is captured only
when the model includes full 3D
dynamics together with a
phenomenological quintic loss term.

Scattering length as (a,)

| aaaa— |
S n(z) (108/m) ~
Lattice site @
w v W
| aaa— |
° n(z) (10%/m) ~N

—_
=

Lattice site ©
( & q w

(d)1 )1 3

g g

2 =

=0 50 0 <0 50 100
Hold time t (ms) Hold time t (ms)
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[R. Cruickshank et al., Phys. Rev. Lett. 135, 263404 (2025)]

An important aspect: transverse dynamics [FL et al. Sci. Rep. 13, 4665 (2024)]

.. 06 —— The post-quench dynamics in strong
E’ £ o5} . attraction is triggering the a transverse
§ 2 04l | response of the field.
s = P\
o 72& 03F 1 @ transverse squeezing changes both the
o 02t 1 onset time and the intensity of the
E ‘E 0.1} i collapse episodes;
() g o = a
X 00 . == @ the density redistribution after each
4 2 0 2 4

collapse depends sensitively on the

Radial position y (m) transverse dynamics;

@ purely one-dimensional models miss
these trends, while NPSE-based
reductions provide a more faithful
intermediate description.
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Solitary waves in graded index optical fibers. Ll st ), (LA (7]

[P. Parra-Rivas et al., Opt. Commun. 546, 129749 (2023)]

Extending the NPSE to Laguerre—Gauss modes

In a graded-index multimode fiber, the envelope obeys a

(3 + 1)-dimensional nonlinear Schrédinger equation. Using T —r-om=1 . '
Laguerre—Gauss modes with radial index p and azimuthal 05{ P bm=l
index S = |m]| yields the reduced equation o .
-10 0 10|
PA_ 154 (1+3%5|A'2> <05 ‘
8z~ 202 P\ TrgslAf) s
with &5 =S +2p+ 1. 0.1
Here A(z,t) is the reduced axial envelope and g,s is the 0o . .
effective nonlinear coupling for the chosen Laguerre-Gauss ' e - T T -
mode. '
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Laguerre—Gauss extension: stability

[FL et al., Nanophotonics 14, 805-813 (2025)]
[L. Salasnich et al., Phys. Rev. A 76, 063614 (2007)]

The stationary solutions, i.e. A(z,t) = a(t) exp[—ikz], have
an energy that can be written as

2v2
= f(?fips +1)y/1 — Kps,

B 3ps
where kpg is the variational width parameter and ;s is the
effective nonlinear coefficient.

The Vakhitov—Kolokolov criterion (OE/9kps > 0) selects the
stable branch and identifies the collapse threshold.

E

Higher-order Laguerre—Gauss modes redistribute the energy
between radial and axial directions, modifying both profile
shape and stability window.
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Laguerre—Gauss extension: collapse thresholds — (r v rie ot oo Comnn 346, 130780 G099

The generalized NPSE predicts the critical energy

4
3Yps '

c

Expanding the nonpolynomial interaction gives a hierarchy %
of reduced models: the cubic reduction never collapses, the 3
cubic—quintic reduction collapses too late, and the full

nonpolynomial theory gives the sharpest threshold.

This makes the Laguerre—Gauss extension a clean testing
condition for comparing different effective nonlinearities
beyond the fundamental transverse mode.

10(] 4
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Beyond mean-field Josephson dynamics: effec- [A. Smerzi et al., Phys. Rev. Lett. 79, 4950-4953 (1997)]

[S. Raghavan et al., Phys. Rev. A 59, 620-633 (1999
[A. Bardin et al., New J. Phys. 26, 013021 (2024

tive two-site model

For a two-site bosonic junction, the reduced Lagrangian can be written as

RN T

where z is the population imbalance, ¢ is the phase difference, J is the tunneling amplitude, and Elnt contains
the dimension-dependent interaction energy.

Beyond mean field, the interaction term is corrected by the fluctuation energy:

_1 273 m 3/2 _1 2 8 (ﬂ)s/z 5/2
ng - 29“ 37_[_ h2 (gn) I €3D - 29” Jr 157_[_2 h2 (gn) )

while in two dimensions the same mean-field is adopted, but with a modified coupling,

_ 1 2 _ 47I'h2 1 _ 2vp+1 2
€ap = g9 A In(Cn)’ ¢ =me e

Linearization of the EL equations around z = 0 and ¢ = 0 gives a corrected Josephson frequency Q2p and, away
from the linear regime, a shifted self-trapping threshold A p.
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Beyond mean-field Josephson dynamics: fre- :
[A. Bardin et al., New J. Phys. 26, 013021 (2024)]

quency and MQST
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Phase Slippage in the self_tra pped regime [A. Bardin et al., New J. Phys. 26, 013021 (2024)]

20.0 M -
58 =+ 1.395
17.5 4 5.2 I+ 1.350
L IF 1.305
e 15.0 7 0 & 1 [
& Fa0 2 260 &
3 = 12.5 3 F1.215 3
a M348 1170 £
3 P ) L 3
3 100147 28 E
H 2.2 L
7.5 = 754 -+ 1.080
H 1.6 1035
5.0 ; = 055 5.0 . =) 5.0 ; ; = 0.990
-1.0 —0.5 0.0 0.5 1.0 0 1 2 3
5 %102 5 x1072 5 x1071

In the self-trapped state the phase-slippage rate is

where Ay is the instantaneous chemical-potential difference between the two wells.

The beyond-mean-field correction reduces w in one dimension, enhances it in three dimensions, and is largest in
two dimensions, mirroring the trend already seen in the Josephson frequency.
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Popov theory: pressure and shifted chemical [A. M. J. Schakel, Mod. Phys. Lett, B 4, 927 (1990)]

[L. Salasnich et al., J. Phys. A: Math. Th. 57, 355302 (2024)]

potential

Starting from the density-phase action

2
Sin, 0] :/dthr {f&)( ) — nh% —ni|v9| +pnl,
the phase enters as a shifted chemical potential
00 R
e =~ hg — 2|V

ot
Integrating out the density gives the exact only-phase Popov Lagrangian density, which can be expanded

1 n
2m

. - B2 2
C =S P(Meff) =S ,C = P(,LL) 9P 70 <hat0 + %|V6‘|2) (hate + 7|v0‘ )

This approach is an effective theory for zero-temperature BCS superconductors. It is possible to perform the
calculations with minimal coupling to an electromagnetic field: EL equations are the Maxwell equations coupled
to the superconducting field.

Nonlinear physics of ultracold quantum gases and optical fields in media 25 March 2026 37 / 41



Electric and magnetic field static penetration

[A. Peronio et al., Phys. Rev. B 94, 094503 (2016)]

lengths
Solving the EL equations, we get the penetration lengths 5 (b) niobium sample, copper tip .
95K — | ' ' €
5 1 — /A 10 F 44K e 4 2
V’B=—B, B(z)=B(0)e */*, g L2
)‘QL = 20 f S
£ _ 2 T
‘:; 30 F g %
AL = n §or § 17 8
= ,[—= g 3 8
q*7isfio g sof Y g
= -10 [ 10 14 g
- E sample bias (mV)
2 1 —x/\g 60 L L L L s
V°E = 2 E, E(x) = E(O)e ) 150 200 250 300 350 400 450
E distance from point-contact (pm)
with
Cs
AE = AL —.
c

Typically ¢ > ¢;. Experimental verification of the
penetration depth is of formidable difficulty, but a
verification of the correct value would be interesting to
assess the capabilities of the theory.
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Concluding remarks

The work presented in the thesis may be summarized as follows:

© Low-energy scattering can be treated in a unified approximated way across dimensions, and the
resulting formulas can be carried forward to effective many-body quantities.

© Reduced nonlinear wave equations are genuinely useful only in controlled regimes, failing
especially near collapse. They are an important tool as they describe the physics of solitary
waves across different platforms, nonlinear (Kerr) guided-wave optics and ultracold Bosons with
attractive interaction being great examples.

© Beyond-mean-field corrections and phase-only actions extend the same effective-theory logic in
an analytically treatable way, predicing simple corrections to the mean field statical properties
and dynamics.
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Possible developments

Natural continuations of this work include:

@ Monte Carlo study (DMC) for the stability against collapse of the trapped Bose gas in
nonuniversal regime: there are some preliminary results obtained with prof. Massignan and prof.
Astrakharchik of UPC, Barcelona;

o Widely different kind of nonlinear interaction may be studied in the case of optical nonlinear media.
A great example is the nonlocal cubic nonlocal nonlinearity mediated by the thermo-optical
effect. A study titled "Optical nonlinear beams with thermal nonlocal interactions", in
collaboration with prof. Salasnich, is under review in Frontiers of Physics.

o The effect of finite temperature in the dynamics of the atomic Josephson junction can be

performed using a similar formalism to the one used for quantum fluctuations. A study done in
collaboration with dr. Bardin and prof. Salasnich is in preparation for the submission.
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Part A

Additional material



Scattering states, amplitudes, and cross [H. A. Bethe, Phys. Rev. 76, 38-50 (1949)]
G. Newton, Springer ggég;]

sections [E. Braaten et al., Ann[ Phys. 323, 1770-1815

For two particles interacting through a central potential, the relative-motion problem is

g g p 2 p2
H=Hy+V, Hy = g
2my,.
and the scattering state is written asymptotically as
ikr

(r) = ™+ £(0,k)
The differential cross section is fixed by the amplitude,

do

= 110K,

while in the zero-momentum limit one defines the scattering length through
P(r) ~1— = o~ dra’.
7

Here m, is the reduced mass, k the incoming relative wave vector, f(6, k) the scattering amplitude, and a. the
scattering length.
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[H. A. Bethe, Phys. Rev. 76, 38-50 (1949)]

Partial waves and low-energy dominance [R. G, Newton, Springer (2013)

[FL et al., Ann. Phys., e00227 (2025

For a central interaction one decomposes the wavefunction into partial waves,

= Z A; Pi(cos0) Rii(r),

1=0
with asymptotic radial behavior

1 l
Ry (r) ~ Hsin(kr — % —|—6l> .

The scattering amplitude then becomes

oo

£0,k) = 2+ 1)fi(k)Pi(cos0),  fi(k) =

1=0

1
kcot o, — ik’

and the total cross section is

o= A:QT Z(Zl + 1) sin® §;.

1=0
For short-range potentials §; ~ k%*' at low momentum, so the [ = 0 channel dominates and

1 _tan do
s = 10 k ’

Here P, are Legendre polynomials, Ry are radial wavefunctions, and §; are the phase shifts.
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[J. R. Taylor, Courier Corporation (2012)]

Lippmann—-Schwinger equation and 7" matrix [R. G, Newton, Seringer (2013)

2023

[FL et al., Phys. Rev. A 107, 033325
The exact scattering state may be rewritten as
¥y =16} +GSVIvT),  G§ = (B - Ho+ie)™,

which is the outgoing-wave Lippmann—Schwinger equation.
Introducing the transition operator through

T|g) = VIyt),

one obtains the operator identity

T=V+VGIT,
and therefore the Born series

T=V+VGIV+V(GIV)2+---.
The observable scattering amplitude follows from the matrix element

f(k/7k) = _WL

Here |) is the incoming free state, G the free resolvent, and Ty = (K'|T[k).
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[A. Leggett, Oxford Univ. Press (2006)]

Why the ultracold regime is universal el Peeee) deens 1o i)

In dilute atomic gases the interparticle spacing is much o e
larger than the microscopic range of the interaction, so sroney Inieracting ,
. . degenerate strongly interacting
two-body low-energy scattering carries the relevant universal ondegencrate
. . universal
information. 1
A realistic interaction has a van der Waals tail, eakly ntraciing
n:ﬁiﬁ‘r[‘z;al wca(l;ly imcr::cting
nondegenerate
V(T) — 7% — % — ClO universal
- 7/-6 7"8 7/-10 9 weakly interacting
nondegenerate
. L. ) ) nonuniversal
but in the ultracold limit its leading effect is compressed 1 A

into a single parameter,

B 4dwh?

Ver(r) = g6 (x), g as.
Here Cg, Cg, and Cg are van der Waals coefficients, and
the effective coupling is fixed entirely by the s-wave
scattering length a, inside the universal window.
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Where the universal contact picture starts to [H. T. C. Stoof et al., Springer (2009)]

. [S. Giorgini et al., Phys. Rev. A 60, 5129 (1999
fail s

[FL et al., Ann. Phys., 00227 (2025

The contact interaction is the leading low-energy description, but tunable systems can probe the first
nonuniversal correction.

In the scattering language, one keeps the next term in the s-wave phase shift,

1 1
kcot g (k) = - + irerZ’

while in the effective-theory language one writes
V(k) = @ 92]{32.

The parameter 7. is the effective range, and g5 is the coupling that reproduces its effect in the
low-momentum expansion.

This is the regime reached, for instance, near a Feshbach resonance or at sufficiently large gas
parameter, where observables can no longer be described by a, alone.
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From low-energy scattering to the Gross— [A. Leggett, Oxford Univ. Press (2006)]

L. P. Pitaevskii et al., Clarendon Press (2003

Pitaevskii model L. SaI[asnich et al., Phys. Rev. A 65, 043614 §2002§]

Once the interaction is replaced by the contact coupling g, the condensate dynamics follows from the
action

. h?
S = /dtd3l"¢8 |:Zh8t + %V2 - V;;rap:| ’4[10 - %|1/J0|4

Its Euler-Lagrange equation is the three-dimensional Gross—Pitaevskii equation,

. h?
Zhaﬂ% = |:_2v2 + Vvtrap + 9|¢0|2] ’(/}O-
m
Under strong transverse confinement, the Gaussian ansatz

1 2, 2 2
t) = it _(1 +y )/(2‘1L)
"/}0(1‘» ) f(Zv )\/7?(”_6

leads to the reduced equation
ih, f - 92+ gip|fI*| f
7 = |l =— = —.
¢ om0z T 91D ; 91D 2maZ

Here 1 is the condensate order parameter, f the axial field, and a;, = //i/(mw, ) the transverse

oscillator length. .
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[S. Inouye et al., Nature 392, 151-154 (1998)]

Open and closed channels [H. T. C. Stoof et al., Springer §2009;]

[H. T. C. Stoof et al., Springer Netherlands (2010

Projecting the two-body problem onto open and closed subspaces gives an effective interaction in the
open channel, R R K R K

V=Vi+ HPQ(E — Hgg + i&‘)ilHQp,
so the closed-channel admixture enters as an energy-dependent Schur complement.

At low momentum this yields

47Th2a _ 47Tﬁ2a + |<wres|f{QP|w0>|2
m m E — E,es ’

and, after converting the detuning into magnetic-field units,

AB
lls(B) = abg (1 — B—BO> o

Here a4 is the background scattering length, By the resonance position, and AB the magnetic width
of the resonance.

This is the mechanism that makes the low-energy coupling experimentally tunable, and it is the natural
route toward regimes where effective-range terms cease to be negligible.
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[H. Fu et al., Phys. Rev. A 67, 053612 (2003)]

Finite-range and dissipative corrections [A. Collin ot al. Phys. ev. 4 75, 013615 (007)

2024

[FL ct o1, Sei. Rep. 14, 4665
Keeping the first two terms of the low-momentum interaction expansion gives

Vear (1) = 960 () + 2 (9260 (x) + 69 (1)92),
which leads to the modified mean-field equation

h2
zhatw = |:_ v2 + ‘/trap + g|'l,/}|2 + 92V2|1b|2} '(/J
2m 2

For lattice-soliton and collapse dynamics, three-body recombination adds an imaginary quintic term,

. . ANZL
ihdp = —igslpl'y, g5 =" 2

Here g5 is the finite-range coupling, while g5 and L3 encode three-body loss.

The two corrections play different roles: go deforms the conservative hydrodynamics, whereas g5
regularizes high-density evolution by atom loss.
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[G. P. Agrawal, Academic Press (2019)]

Maxwell equations and material response [C. P. Agrawal, Academic Press (2013)]

Propagation in a nonlinear dielectric starts from Maxwell equations with no free charges or currents,
VXE:—atB, VXH:atD,

and constitutive relations
D =¢E+P, B = poH.

Eliminating H gives the vector wave equation

1 0°E 0*P
VX(VXE):_c?W_MOW

Far from resonances one writes the polarization as
P=PL+Pnr,
Pr =¢o / drxV(t - 7)E(r), PnL=c¢0 / dridradrs x O E EoE;.

Here x(V and x(® are the linear and third-order susceptibilities, and the latter is responsible for Kerr
nonlinearity.
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[sulem1999nonlinear]

Scaling and Collapse: the Critical Dimension [salasnich2024atomic-soliton]

Consider the D-dimensional NLSE with nonlinearity power o:
0 o
ig ¥+ V2 + 9>y = 0.

The energy functional (Hamiltonian) for a localized wave packet is

E[y] = /dDr (|V¢| _ ﬁw‘mﬂrz) .

Under a norm-preserving scaling 1 (r) = A’D/Qz/)(r/)\), the energy scales as
Ekin E; G
BO)==3"~ 3po

where Ey;n, and E;,: are positive constants.

The threshold for stability is determined by the balance of exponents:
@ Subcritical (D < 2/0): Dispersion (or kinetic energy) (1/\?) dominates at small \.
@ Supercritical (D > 2/0): Attraction (1/A\P?) drives blow-up as A — 0.

The critical dimension is thus fixed at D. = 2/0. For cubic media (o = 1), D. = 2 represents the onset of
self-focusing collapse.
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From the wave equation to pulse propagation

[G. P. Agrawal, Academic Press (2019)]
[G. P. Agrawal, Academic Press (2013)]

The field is written as a carrier times a slowly varying envelope,
1 .
E(r,t) = D [E(r,t)e_“"“t} X,

and for an instantaneous Kerr response one keeps

3
Pnp(r,t) ~ eoenr E, ENL = ZX(3)\E|2-

Projecting the Helmholtz equation onto a guided mode,
E(r,w — wy) = F(z,y)A(z,w — wp)e??,

and expanding the propagation constant as

Blw) = o + a(w = wo) + 2w — wo),
one finds in the laboratory frame

0A 0A B 0’A  «
0z 2 0tz 2
Passing to the retarded time T' =t — 31z removes the drift and gives

5 =By, —i% ag — A+ NIAPA
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[G. P. Agrawal, Academic Press (2019

From guided modes to the fiber NLSE (6. P, Agrawal. Academic Press (2013

2025

[FL et al., Nanophotonics 14, 805-813

For a cylindrical dielectric guide, separation of variables gives the longitudinal mode structure

E.(r,w) = A(w) F(p) ™® eP«)?

with the fundamental single-mode regime corresponding to the linearly polarized LP;; mode.

After the slowly-varying-envelope and narrow-band approximations, the axial envelope obeys
0A  « B2 0

Loy oA, ~y|A]2A,

- NaWo
0z 2 2 0T? B

CAeff '

Here F(p) is the transverse radial profile, 3(w) the propagation constant, « the loss coefficient, and
Agg the effective modal area.

This is the one-dimensional fiber NLSE used in the introduction. The backup point is that it comes
from mode selection plus a controlled perturbative treatment of both dispersion and Kerr nonlinearity,
rather than from an ad hoc scalar guess.
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Canonical origin of the NLSE (G. P. Agrawal, Academie Prece (2019)]

The nonlinear Schrédinger equation emerges generically for weakly nonlinear dispersive waves. Starting
from
L(0:, V) u = G(u),

one first studies the linearized problem with plane-wave solution
u = epp el kT—w) L(—iw,ik) = 0.
Introducing slow variables

T = et, X =ex

)

and expanding around the carrier branch w(k) yields
i(Or + vy V)Y +€[V- (DVY) +7]y*yp] =0,

where v, = Viw is the group velocity and D is the half-Hessian of the dispersion relation.
In the comoving frame { = X — T'v, and 7 = €T, the envelope satisfies

i0-¢ + V - (DVY) +|9|*9 = 0.

This derivation explains why the same equation recurs in optics, matter waves, hydrodynamics, and
other weakly nonlinear wave systems.
Nonlinear physics of ultracold quantum gases and optical fields in media 25 March 2026 13 / 32



[C. Sulem et al., Springer (2007)]

Conservation laws, scaling, and collapse [L. Bergé, Phys. Rep. 303, 259370 (1998)]

For the generalized focusing NLSE
O + V2 + [p*7p = 0,

two basic conserved quantities are

1
N= [erp, H= [ |90p - e
o+1
Its scaling symmetry is
Ya(r,t) = A7 (Ar, A1),
which identifies the critical combination
oD = 2.
Therefore the dynamics is classified as
oD < 2 subcritical, oD = 2 critical, oD > 2 supercritical.

In the focusing case, collapse can occur only at and above the critical threshold; for the cubic
nonlinearity o = 1, this means the critical dimension is D, = 2.
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[FL et al., Ann. Phys., e00227 (2025)]

Radial transforms behind the s-wave reduction [M. Abramonitz e al.. Courer Corporation (1965

[R. G. Newton, Springer

For radial interactions the Fourier transform collapses to one-dimensional kernels:

ﬂ®=2Awwﬂ@aﬂw) (D =1),

f(q) = 27T/0OO drr f(r) Jo(qr) (D =2),

o=t [ ar?f0)isar)  (D=3)

0

The s-wave matrix element and the ordinary Fourier transform agree only at leading order:
Vo(k) ~ g+ g2k?, V(k) ~ g+ §2k?, 9=9, 92 =2gs.

Here Jy and jo are the Bessel functions appearing in two and three dimensions, and tilded couplings
come from the ordinary Fourier transform, whereas the untilded ones come from the s-wave matrix
element.

That factor of two is exactly why the low-energy couplings entering local effective theories must be
extracted from the partial-wave object instead of the naive Fourier coefficient alone.
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Sq uare—well benchmark [FL et al., Ann. Phys., e00227 (2025)]

V()

Volk)

Valk)
Volk)

Vilk)
i Volk)

Repulsive square well Attractive square well

For
v, r<R,

0, r>R,

the exact phase shifts follow from matching at » = R, for instance

Vir)=

k
00.3p (k) = arctan | — tan(k1 R) | — kR, ki =4/k%— my
’ ky h?
Here R is the well radius, « its depth or height, and k; the interior wave number.
At weak coupling the on-shell approximation reproduces the exact V;(k) to leading order in all

dimensions, while at finite coupling it undershoots in D = 1,2 and overshoots in D = 3.
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Delta—she" benchmark [FL et al., Ann. Phys., e00227 (2025)]

Attractive shell Repulsive shell
For the singular shell
V(r) =y8D(R 1),

continuity of ¢ and the jump condition

_ m

Y(RY) = ¥/(R7) = v b(R)

replace the interior-momentum matching of the square well.
The exact phase shifts remain analytic; in three dimensions,

k
do3p(k) = arctan| ——— | — kR.
ap(k) kcot(kR) + 75
Here R is the shell radius and ~ the shell strength.
Nonlinear physics of ultracold quantum gases and optical fields in media 25 March 2026 17 / 32



Errors on the low-energy coefficients [FL et al., Ann. Phys., 00227 (2025)]

Square well Delta shell
These plots resolve separately the errors on

~: N:@
g g, 92 9

Here g and §» are the Fourier-space coefficients, while g and g5 are the effective couplings extracted
from the s-wave channel.

The practical message is narrow but important: the on-shell map is quantitatively reliable when the
potential is weak and bound states are absent, and it remains qualitatively useful outside that regime
because its bias is systematic and dimension dependent rather than erratic.
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Finite-range equation of state in
dimensions

The local low-momentum effective theory reads
o h? g g
L=v [mat + 2v2] ¥ = Sl + SVl
m 2 2

In two dimensions the couplings depend on the cutoff,
while the one-loop pressure remains cutoff independent:

om o, 4h? 3m? 5, 4
Plu) = grnz! ln(muage%ﬂf“/?) + Topa et

Here 1 is the chemical potential, P the pressure, as the
scattering length, and r.g the effective range.

The first term is the zero-range result, while the second
isolates the leading finite-range correction.
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[S. R. Beane, Eur. Phys. J. D 72, 55 (2018)]
[C. Mora et al., Phys. Rev. A 67, 053615 §2003§]

[FL et al., Phys. Rev. A 107, 033325 (2023

0.4+

—n=0
r,=081a,
-r,=180a,

T T T T
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[L. Salasnich et al., Phys. Rev. A 65, 043614 (2002)]

Gaussian variational dynamics [FL et al., Sci. Rep. 1, 4665 (2024)]

With the Gaussian ansatz

the reduced energy becomes

1 1 1 9 g 1
E(n,a):<2+02+0 ) +2 ,—271_07217~

Adding the lattice contribution,
2 2
AEoL(n) = —Voe 17,
one gets a compact stability picture for single-site and multi-site localized packets.

Linearizing around a stationary point gives hybrid breathing frequencies

o= (44 2) 2 /(44 2) - stam-cm

Here n and o are the axial and transverse Gaussian widths, while A, B, and C are the Hessian
coefficients of the variational energy at the stationary point.
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[L. Salasnich et al., Phys. Rev. A 65, 043614 (2002)]

NPSE+ from a variational reduction [L. Satsanich ot al, Phy. Rev. A T6, 063514 (2007)

2024

[FL et al., Sci. Rep. 14, 4665

Allowing the transverse Gaussian width to depend on z and t gives the variationally consistent pair

h? mw? 2h2ag(N — 1
(1+(0.0)%) + —=0* + ( 5 )|f|2 f,

. h? .,
ihowf = —%62 TV 2mo? 2 mo
ot —at [1+2a,(N —D|f’] + al (0020 — (0.0)* + 0 0.00.In|f|]*] = 0.

Neglecting derivative terms recovers the standard NPSE closure

02 = a2 \/1+2a,(N - 1)|f]2.

Here a; = \/h/(mw,) is the transverse oscillator length and o(z,t) the local transverse width.

The point of the extended system is twofold: better numerics and an explicitly variational reduced
model.
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Soliton observables near static collapse [FL et al., Sci. Rep. 14, 4665 (2024)]

1.0

0.9

o 0.8

0.7

-10 -5 0 5 10
z

Chemical potential Transverse width

Close to 7., the 1D-GPE misses both the correct axial shape and the transverse squeezing. The NPSE
reproduces the main trend, but its non-variational structure can drive the chemical potential below the
three-dimensional value. The derivative corrections retained by NPSE+ repair that inconsistency and
improve the transverse profile.
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Energy comparison near the collapse threshold [FL et al., Sci. Rep. 14, 4665 (2024)]

x103 %103
- e -
15 P s
- .
-
.z
12 P
S|
--- NPSE+
6t —-— 1D-GPE
—— 3D-GPE
N NPSE
0.2 0.4 0.6 0.8 1.0 0.75
v Y

Full range Near collapse

The energy comparison makes the variational point sharper than the density profiles alone. NPSE+
stays above the three-dimensional ground-state energy, as required by its construction, whereas the

standard NPSE can slip below it in the strongly nonlinear regime. That is precisely where reduced
theories are most tempting and most dangerous.
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Single-site localization and repulsive self- [K. Winkler et al., Nature 441, 853-856 (2006)]
. [R. Cruickshank et al., Phys. Rev. Lett. 135, 263404 (2025)]
trapplng [L. Salasnich et al., Phys. Rev. A 75, 033622 (2007)f

10’
Axial length n (um)

The single-site measurements resolve three regimes: an attractive localized state, a dispersive window
around as ~ 0, and a repulsively localized state at larger positive a.

The repulsive branch has a clear variational interpretation: the energy develops a local minimum Mgg
protected by a barrier Bgg, so localization exist even when the bare interaction is defocusing.
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[R. Cruickshank et al., Phys. Rev. Lett. 135, 263404

ong times and width diagnostics in the lattice (2025)]

Width w, (sites)

-4 0.1
O ok o A2 A8 0 oh 9® 000240199045 ,9
Hold time ¢ (s) Hold time ¢ (s)

0

N w s o

Single-site time evolution

ol

e t(m)
Multi-site occupations and widths

The single-site packet remains localized for nearly two seconds after the interaction quench, with the

fast initial loss dominated by shedding and three-body recombination.

For multi-site packets, Gaussian fits give width velocities of roughly 12 sites/s for the dispersive case
and 7 sites/s for the soliton-like case, showing that most of the broadening comes from profile flattening

due to atom loss rather than from large mass transport.
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GRIN fibers and higher-order Laguerre-Gauss
reductions

[FL et al., Nanophotonics 14, 805-813 (2025)]

In a parabolic graded-index medium the envelope obeys a
(3 + 1)-dimensional NLSE,

. 1
i0.0 = |2 (82 -+ 02+ 6F) + W(z.y) +g|<1>|2} o.

Using Laguerre-Gauss modes with radial index p and
azimuthal index S = |m| leads to a generalized NPSE,

1+ 3gps|AJ2 )

v1i+ gpS|A|2

1
i0,A = —§6§A +&ps <

with £, =S +2p + 1.
Here A is the reduced axial envelope, while p and S label 00 05 10 15 20 25 30
the radial and azimuthal Laguerre-Gauss mode numbers.

This reduction keeps arbitrary axial pulse shapes while
encoding the transverse mode dependence in a small set
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[FL et al., Nanophotonics 14, 805-813 (2025)]

Power-law reductions and collapse thresholds [P. Parra-Rivas t ., Opt. Commun, 546, 129749 (2023)]

Expanding the nonpolynomial potential produces the
cubic and cubic—quintic reductions,

2 2
FEs = \[\/1—1—&1,5, FEs_5 = V—Sarctan(\/i\/l—l—/{ps).
P

TpS

In the full NPSE the stationary branch obeys

2
E= 3{ (26ps + 1)y/T— Fips,
pS

so the Vakhitov—Kolokolov condition gives

4

3’71)5 ’

Here r,¢ is the stationary variational parameter and 7,¢
the effective nonlinear coupling for mode (p, S).

The cubic model never predicts collapse, the cubic—quintic
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Josephson frequency correction in _
[A. Bardin et al., New J. Phys. 26, 013021 (2024)]

dimensions

Using the renormalized two-dimensional coupling, the
oscillation frequency becomes

1 3 1
_ 2 _
€= h\/J +Jgm <1 2T (Cn) +1n2(cn))'

In terms of the gas parameter v = ain,

O,

3 1
1+A(1-— +
< 2In(C*7) 1n2(0*7)>
me B 14+ A '

Here gzr is the renormalized two—d|n:en5|on.al coqplmg, 0 10 20 30 20 s
v = a’n the gas parameter, and C* the dimensionless A
constant that absorbs the scattering-scale convention.

The correction is positive, stronger at larger -, and

paranme 2 aroe nan al nree dlman ...‘
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Self-trapping threshold in two dimensions

[A. Bardin et al., New J. Phys. 26, 013021 (2024)]

Away from the small-imbalance limit, the interaction
term acquires explicit z dependence,

so the critical strength becomes
Ar > AC,QD‘

Relative to mean field,

Acop
Ac,mf

<1,

with the reduction growing as the gas parameter
increases.

Here Uy, is the imbalance-dependent interaction
coefficient, U, its reference renormalized value, and A,

Nonlinear ph§sic.s ‘of ultracold c.;uant.um gasés and optic.al fields in media
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Superconducting system, an approach using an [V- N. Popov, Reidel, Dordrecht (1983)]

D. T. Son et al., Ann. Phys. 321, 197 (2006

0n|y_phase action [L. Salasnich I al., J. Phys. A: Math. Th. 57, 355302 (20: )214)]

Starting from the density-phase action
2
S[n, 0] = /dt dPr {—So(n) — nhod — nZh—\VﬂQ +pnl|,
m

with & (n) the internal energy density (= gn?/2 for weakly interacting bosons) the saddle-point density

satisfies .
0
on (ns)

Eliminating n by Legendre transform gives the exact phase-only Lagrangian

p— o0 — —\V9|2

- k2
L= P(u — ho,0 — |v0|2> .
2m
Here &y(n) is the bulk energy density, n, the saddle-point density, and P(u) the pressure as Legendre

transform of the energy functional.

Expanding around equilibrium recovers the usual hydrodynamic action, but the key conceptual point is
that the pressure functional itself is the generator of the low-energy phase theory.
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[L. Salasnich, Entropy 26, 69 (2024)]

Relativistic route from the Klein—Gordon field [L. Salasnich et al., J. Phys. A: Math. Th. 57, 355302 (2024)]

For a complex Klein—Gordon field one finds, after removing the rest-energy oscillation and neglecting
density-gradient terms,

2

h 5 h? 5

The corresponding only-phase form is

2

5 R 9 h? 9

Here Lp is the relativistic density-phase Lagrangian and ¢, is the sound velocity entering the low-energy
expansion.

Its expansion contains the nonrelativistic action plus an additional temporal-stiffness term proportional
to (1+ c?/c2)(9:0)%.
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Only-phase action coupled to the electromag- M. 3. Schakel, Mod, Phys, Lete, B 4, 927 (1990

A
[L. Salasnich et al., J. Phys. A: Math. Th. 57, 355302 (20)44)]

netic field [J. E. Hirsch, Phys. Rev. B 69, 214515 (2004)]

Minimal coupling amounts to

o0 90 ¢ q
5%54—%@, V9—>V9—ﬁA,

so that the total Lagrangian density becomes

em €0 2 1 2 _
[ty = JR(V —|E|" — —|B D,
tot (ot ) + 2| | 2#0‘ I” + qnng

with 56 1
F=p—he —q®— —(hVO — gA)>.
Heft 12 ot q Qm( q )
The Euler-Lagrange equations with respect to ® and A are Maxwell equations,
. 7]
V-E=L, VxB=umjteumnykE,
€0 E)t
with constitutive relations
QQH/LO é 2

_ . n
P = qn — qhpg — €o J:qnvs—%A.

m 2’

In words: the vector potential produces the current, while the scalar potential also enters the charge density
through the Popov correction. That additional term is what changes the electric screening scale.
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